In this article, we classify the characters associated to algebraic points on Shimura curves of Γ 0 (p)-type, and over a quadratic field we show that there are at most elliptic points on such a Shimura curve for every sufficiently large prime number p. This is an analogue of the study of rational points or points over a quadratic field on the modular curve X 0 (p) by Mazur and one of the author (Momose). We also apply the result to a finiteness conjecture on abelian varieties with constrained prime power torsion by Rasmussen-Tamagawa.
Introduction
A Shimura curve can be considered to be an analogue of a modular curve. In this context we study points on Shimura curves, and show that there are few points over quadratic fields on Shimura curves of "Γ 0 (p)-type" just as in the case of the modular curve X 0 (p) defined below. We also get an irreducibility result of the mod p Galois representations associated to abelian surfaces with quaternionic multiplication, which we apply to a finiteness conjecture on abelian varieties.
For an integer N ≥ 1, let X 0 (N) be the smooth compactification of the coarse moduli scheme over Q parameterizing isomorphism classes of pairs (E, C) where E is an elliptic curve and C is a cyclic subgroup of E of order N. We know that X 0 (N) is a proper smooth curve over Q (cf. [7, Théorème 3.4, p.212] ) and that X 0 (1) is isomorphic to the projective line P (2) [12, Theorem B, p.330] Let k be a quadratic field which is not an imaginary quadratic field of class number one. Then there is a finite set S(k) of prime numbers depending on k such that X 0 (p)(k) = {cusps} holds for every prime number p ∈ S(k).
Notice that all the imaginary quadratic fields of class number one are Q( √ −1), Q( √ −2), Q( √ −3), Q( √ −7), Q( √ −11), Q( √ −19), Q( √ −43), Q( √ −67) and Q( √ −163) by [3, p.205] or [23, Theorem, p.2] . In Theorem 1.1 (2), the finite set S(k) is effectively estimated except at most one prime number. If such a prime exists, it is concerned with a Siegel zero of the L-functions of quadratic characters (cf. Theorem 5.9). For related topics about modular curves, see [2] .
We have an analogue of Theorem 1.1 for Shimura curves, as explained below. Let B be an indefinite quaternion division algebra over Q. Let A is an abelian scheme over S of relative dimension 2), and i : O ֒→ End S (A) is an injective ring homomorphism (sending 1 to id). We consider that A has a left O-action. We sometimes omit "by O" and simply write "a QM-abelian surface". )) is an analogue of the modular curve X 0 (1) (resp. X 0 (p)).
We study points on M B 0 (p), and over a quadratic field (considered as a subfield of C) we show that there are at most elliptic points of order 2 or 3 on it for every sufficiently large prime number p. The following is the main result of this article. Theorem 1.3. Let k be a quadratic field which is not an imaginary quadratic field of class number one. Then there is a finite set N (k) of prime numbers depending on k satisfying the following.
(
⊆ {elliptic points of order 2 or 3} holds for every prime number p ∈ N (k) not dividing d. In Section 2, we discuss the Galois representations associated to QM-abelian surfaces. In Section 3, we discuss the endomorphism rings and the automorphism groups of QM-abelian surfaces. In Section 4, we study the fields of definition of the pairs (resp. the triples) corresponding to algebraic points on M B (resp. M B 0 (p)). In Section 5 and Section 6, we classify the characters associated to algebraic points on M B 0 (p) by slightly modifying the method in [12] , and show Theorem 1.3. In Section 7, we give examples of points over imaginary quadratic fields on the Shimura curves M B of genus zero. In Section 8, we study the images of the mod p Galois representations associated to QM-abelian surfaces over imaginary quadratic fields. In Section 9, we apply the result on the Galois images in Section 8 to a finiteness conjecture on abelian varieties in [16] .
The first author (Arai) is very sorry for the loss of the coauthor (Momose) during this work. This article shall be dedicated to Fumiyuki Momose.
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Notation
For an integer n ≥ 1 and a commutative group (or a commutative group scheme) G, let G[n] denote the kernel of multiplication by n in G. For a field F , let char F denote the characteristic of F , let F denote an algebraic closure of F , let F sep (resp. F ab ) denote the separable closure (resp. the maximal abelian extension) of F inside F , and let
For a number field k, let h k denote the class number of k; fix an inclusion k ֒→ C and take the algebraic closure k inside C; let k v denote the completion of k at v where v is a place (or a prime) of k; let k A denote the adèle ring of k; and let Ram(k) denote the set of prime numbers which are ramified in k. For a number field or a local field k, let O k denote the ring of integers of k. For a scheme S and an abelian scheme A over S, let End S (A) denote the ring of endomorphisms of A defined over S. If S = Spec(F ) for a field F and if F ′ /F is a field extension, simply put End
) and End(A) := End F (A). Let Aut(A) := Aut F (A) be the group of automorphisms of A defined over F . For a prime number p and an abelian variety A over a field F , let
be the p-adic Tate module of A, where the inverse limit is taken with respect to multiplication by p :
2 Galois representations associated to QM-abelian surfaces (generalities)
We consider the Galois representation associated to a QM-abelian surface. Take a prime number p not dividing d. Let F be a field with char F = p. Let (A, i) be a QM-abelian surface by O over F . We have isomorphisms of Z p -modules:
The middle is also an isomorphism of left O-modules; the last is also an isomorphism of Z p -algebras (which is fixed in (1.1)). We sometimes identify these Z p -modules. Take a Z p -basis
. Then the image of the natural map
where Aut O⊗ Z Zp (T p A) is the group of automorphisms of T p A commuting with the action of O ⊗ Z Z p . We often identify Aut(T p A) = GL 4 (Z p ). The above observation implies
where
where J = 0 −I 2 I 2 0 and
Then the Galois representation ρ factors as
be the reduction of ρ modulo p. Let
denote the Galois representation induced from ρ by " s t u v ", so that we have
Remark 2.1. The Galois representation ρ A,p as above looks like that of an elliptic curve over F having an F -rational isogeny of degree p.
Endomorphism rings and automorphism groups
We recall the notion of CM (complex multiplication) on an abelian variety. Let F be a field, and let A be an abelian variety over F . The abelian variety A is said to have CM (over F ) if End(A) ⊗ Q contains a product R of number fields satisfying dim Q R = 2 dim A.
Consider the case where char F = 0. If A/F is F -simple and has CM by R as above, then End(A)⊗Q ∼ = R ([13, Chapter IV, Section 21, Table, p.202]). If (A, i)/F is a QM-abelian surface, then either A has CM or A is F -simple. If (A, i)/F is a QM-abelian surface with CM, then A is F -isogenous to E × E where E is an elliptic curve over F with CM.
Next we consider the automorphism group of a QM-abelian surface. Let (A, i) be a QM-abelian surface by O over a field F . Put
We express the sets M B (C) and M 
Consider the groups Γ := {x ∈ O | Nrd(x) = 1} and
where Nrd is the reduced norm. Then Γ and Γ ′ are considered to be subgroups of
where H is the upper half-plane (cf. [4, 4.3 
is an elliptic point of order 2 (resp. 3) if and only if the corresponding triple (A, i, V ) over
) be the number of elliptic points of order 2 (resp. 3) of M B 0 (p)(C). Then we have
where l is a prime divisor of d and 
Fields of definition
Let k be a number field (considered as a subfield of C). Let p be a prime number not dividing d. Take a point
is represented by a QM-abelian surface (say (A x , i x )) over k, and x is represented by a triple (
, then x is a CM point. In particular, if x is an elliptic point of order 2 or 3, then x is a CM point.
Since x is a k-rational point, we have σ x = x for any σ ∈ G k . Then, for any σ ∈ G k , there is an isomorphism
which we fix once for all. Let
be the isomorphism induced from φ σ by forgetting V x . For σ, τ ∈ G k , put
and c
Then c x (resp. c ′ x ) is a 2-cocycle and defines a cohomology class
Then we get an action of G k on the abelian group Aut(x) (resp. Aut(x ′ )) by
Note that the action of G k on Aut(x) (resp. Aut(
be the restriction of [c] to G kv ). Let Br k be the Brauer group of k. We want a small extension of k over which (A x , i x , V x ) (or (A x , i x )) can be defined.
Proposition 4.1 ([9, Theorem (1.1), p.93]). We can take (A x , i x ) to be defined over
Then there is a quadratic extension K of k such that we can take (A x , i x , V x ) to be defined over K.
Proof. Let M be a finite extension of k. Then we can take (A x , i x , V x ) (resp. (A x , i x )) to be defined over M if and only if [ 
) be the map induced from the inclusion Aut(x) ⊆ Aut(x ′ ). If Aut(x) = {±1}, then Aut(x) = Aut(x ′ ) and the map Φ is the identity map (so Φ is injective in particular).
Therefore Φ is injective, and so [c x ] = 0.
(2) In this case the action of G k on Aut(x) = {±1} is trivial, and so G k acts on Aut(x) via the mod 2 cyclotomic character. Then we have a natural isomorphism
. Let D be the quaternion algebra over k corresponding to [c x ]. We know that there is a quadratic extension
(see the proof of Lemma 4.3 below for a detailed explanation). For such an extension
Lemma 4.3. Let K be a quadratic extension of k. Assume Aut(x) = {±1}. Then the following two conditions are equivalent.
(1) We can take (A x , i x , V x ) to be defined over K. 
For simplicity, assume that 2 is not divisible by any p i ; this is enough for later use. By the Chinese Remainder Theorem, we can choose an element t ∈ O k satisfying the following two conditions.
(i) t mod p i is not a square in O k /p i for any i.
(ii) t mod q 2 j is a non-zero element in q j /q 2 j for any j. If we put K = k( √ t), then each p i (resp. q j ) is inert (resp. ramified) in K/k.
Classification of characters (I)
We keep the notation in Section 4. Throughout this section, assume Aut(x) = {±1}. Let K be a quadratic extension of k which satisfies the equivalent conditions in Lemma 4.3. Then x is represented by a triple (A, i, V ), where (A, i) is a QM-abelian
be the character associated to V in (2.2). For a prime l of k (resp. K), let I l denote the inertia subgroup of G k (resp. G K ) at l.
Lemma 5.1. The character λ 12 is unramified at every prime of K not dividing p.
Proof Proof. Let q be a prime of k not dividing p. The restriction ϕ 12 | Iq can be expressed by class field theory in the following form:
where q K is a prime of K above q, the left map is the diagonal map (where we consider O × kq to be a subgroup of each K
) and the right map is induced from λ 12 .
By Lemma 5.1, the right map is trivial on
Lemma 5.3. The character ϕ 4 (and so ϕ 12 ) does not depend on the choice of a quadratic extension K of k which satisfies the equivalent conditions in Lemma 4.3.
Proof. Let K 1 , K 2 be distinct quadratic extensions of k, and assume that x is represented by a triple (A j , i j , V j ) defined over K j for j = 1, 2. Then we have two characters λ 1 : .2). In the same way as (5.1), put
We have the following commutative diagram for j = 1, 2 via class field theory:
where the middle vertical map is x → x 4 . Then ϕ
Let θ p denote the mod p cyclotomic character. By Lemma 5.1 (resp. Corollary 5.2), λ 12 (resp. ϕ 12 ) corresponds to a character of the ideal group I K (p) (resp. I k (p)) consisting of fractional ideals of K (resp. k) prime to p. By abuse of notation, let denote also by λ 12 (resp. ϕ 12 ) the corresponding character of I K (p) (resp. I k (p)).
Lemma 5.4.
(1) Let P be a prime of K lying over p. Assume p ≥ 5 and that P is unramified in K/Q. Then λ 12 | I P = θ b p for an element b ∈ {0, 4, 6, 8, 12}. Further we can take b ∈ {0, 6, 12} (resp. b ∈ {0, 4, 8, 12}) if p ≡ 2 mod 3 (resp. p ≡ 3 mod 4).
(2) Assume that k is Galois over Q. Suppose p ≥ 5 and that p is unramified in k. Take a prime p of k lying over p. Then there exists an element
with a σ ∈ {0, 8, 12, 16, 24} satisfying the following three conditions.
, then a σ ∈ {0, 12, 24} (resp. a σ ∈ {0, 8, 16, 24}) for any σ ∈ Gal(k/Q).
Proof. (1)
The abelian surface A ⊗ K P has good reduction over a totally ramified extension M/K P of degree e M = 1, 2, 3, 4 or 6 since p ≥ 5 ([9, Proposition 3.4 (1), p.101]). We may take e M = 4 or 6. Since P is unramified in K/Q, we have λ| I P = θ (2) By replacing K if necessary, we may assume that every prime of k above p is inert in K/k (see the condition (2) in Lemma 4.3). Let p ′ be a prime of k above p, and let P be the prime of K above p ′ . Then the restriction ϕ 12 | I p ′ has the following form via class field theory:
where the left map is the natural inclusion and the right map is Norm
) is the element of k × A whose components above p are 1 and the others α (resp. whose components above p are α −1 and the others 1), and D p is the decomposition group of Gal(k/Q) at p.
For a prime number q, put F R(q) := β ∈ C β 2 + aβ + q = 0 for some integer a ∈ Z with |a| ≤ 2 √ q .
Notice that |a| ≤ 2 √ q implies |a| < 2 √ q since 2 √ q is not a rational number. Notice also that for any β ∈ F R(q), we have β ∈ R and |β| = √ q. Recall that h k is the class number of k.
Lemma 5.5. Under the situation in Lemma 5.4 (2), take a prime number q different from p. Assume that q splits completely in k, and take a prime q of k lying over q. Let α ∈ O k \ {0} be an element such that q h k = αO k . If α ε = β 24h k for an element β ∈ F R(q), then ε is of one of the following types.
Type 2:
12σ and p ≡ 3 mod 4.
Type 3: k contains Q(β), and ε =
Proof. Put L := Q(β). Then L is an imaginary quadratic field. We have the inclusion of fields
we have the following two cases:
Since q splits completely in k and qO k = σ∈Gal(k/Q) q σ , we get ε = σ∈Gal(k/Q) 12σ. In this case we have p ≡ 3 mod 4 by the condition (iii) in Lemma 5.4 (2) .
In case (ii), we have
where a, b ∈ {0, 8, 12, 16, 24}. By the assumption we have β
Taking the intersection with O L , we have 
Let M be the set of prime numbers q such that q splits completely in k and q does not divide 6h k . Let N be the set of primes q of k such that q divides some prime number q ∈ M. Let I k be the ideal group of k, and let P k be the subgroup of I k consisting of principal ideals. Take a finite subset ∅ = S ⊆ N such that S generates the ideal class group Cl k = I k /P k . For each prime q ∈ S, fix an element 
Proof. By replacing K if necessary, we may assume that every prime q ∈ S is ramified in K/k (see the condition (2) in Lemma 4.3).
Suppose p ∈ T (k) ∪ Ram(k). Take any prime q ∈ S. Let q be the residual characteristic of q, and let q K be the unique prime of K above q. Then p = q. Since q ≥ 5, the abelian surface
12 , where Frob q K (resp. Frob M (q) ) is the arithmetic Frobenius of G K at q K (resp. the arithmetic Frobenius of G M (q) ). Here note that λ|
There is a Frobenius eigenvalue β q on some QM-abelian surface by O over the prime field F q such that λ| G M (q) (Frob M (q) ) ≡ β q modulo a prime of Q(β q ) above p, since q splits completely in k and q K /q is ramified. Then we know β q ∈ F R(q) by [9, p.97] . Choose one prime p of k. Take a prime p 1 of k(β q | q ∈ S) above p. Let p 2 be the prime of Q(β q | q ∈ S) below p 1 . Replacing each β q by its complex conjugate if necessary, we may assume λ| G M (q) (Frob M (q) ) ≡ β q mod p 2 for any q ∈ S. Then λ 12 (q K ) ≡ β 12 q mod p 2 . Applying Lemma 5.4 (2) to p, we find an element ε = σ∈Gal(k/Q) a σ σ ∈ Z[Gal(k/Q)] with a σ ∈ {0, 8, 12, 16, 24}, which satisfies ϕ 12 (γO k ) ≡ γ ε mod p for any γ ∈ k × prime to p. In particular, for any prime q ∈ S, we have α
The second equality holds since q K /q is ramified. Then α ε q − β 24h k q belongs to the prime of k(β q ) below p 1 . Therefore p divides the rational integer Norm k(βq)/Q (α ε q − β 24h k q ) for any prime q ∈ S. Suppose p ∈ N 1 (k). Then, for any prime q ∈ S, we have Norm k(βq)/Q (α . Choose one prime q 0 ∈ S. Applying Lemma 5.5 to q 0 , we know that ε is of type 2 or 3.
First assume that ε is of type 2. For any prime q ∈ S, we have β
12 ∈ { t ∈ Q | t > 0 }. We also have |β
where q is the residual characteristic of q. Then β 24h k q = q 12h k , and so β q = ζ √ −q for some 24h k -th root ζ of unity. We claim β q = ± √ −q. In the following proof of this claim, we write 
Case (I-ii). We have ord ζ = 3, 4 or 6. If ord ζ = 4, then β 2 = ζ 2 (−q) = q > 0 and β ∈ R. This is a contradiction. If ord ζ = 3, then β 2 = ζ 2 (−q) = −ζ −1 q. In this case Q(β) ⊇ Q(ζ), which implies Q(β) = Q(ζ). Then Q(ζ) ∋ β = ζ √ −q, and so
. This leads to a contradiction just as in the case where ord ζ = 3.
Case (I-iii). We have Q(ζ) ⊇ Q( √ −q). But the prime number q is unramified in Q(ζ) since q does not divide 6h k . This is a contradiction.
(II) Case Q(β) = Q( √ −q). In this case ζ √ −q = β ∈ Q( √ −q). Then ζ ∈ Q( √ −q) and Q(ζ) ⊆ Q( √ −q). Furthermore we consider the following two cases:
Case(II-i). We have ζ = ±1 and β = ± √ −q, as required.
Case (II-ii). Since [Q(ζ) : Q] = 2, we have ord ζ = 3, 4 or 6. This can occur only when q = 3. But q = 3 since q does not divide 6h k .
Therefore we conclude p . Next assume that ε is of type 3 (for q 0 ). In this case k contains the imaginary quadratic field L = Q(β q 0 ), and ε = σ∈Gal(k/L) 24σ or σ ∈Gal(k/L) 24σ. Applying Lemma 5.5 to each prime q ∈ S, we also have k ⊇ Q(β q ) and ε = σ∈Gal(k/Q(βq)) 24σ or σ ∈Gal(k/Q(βq)) 24σ. Then Q(β q ) = L = Q(β q 0 ), which does not depend on q. In this case note that p 2 is a prime of L = Q(β q | q ∈ S).
Case (A) :
where P L is the principal ideal group of L. Therefore we get k ⊇ H L . For any prime q ∈ S, we have
Then we get ϕ 12 (a) ≡ δ 24 mod p 2 for any fractional ideal a of k prime to p, where δ ∈ L is a certain element such that Norm k/L (a) = δO L . But the power δ 24 is uniquely determined by a since δ is unique up to multiplication by an element of O 
Let N 2 (k) be the set of prime numbers l satisfying the following two conditions. (i) The number −l is a discriminant of some quadratic field.
(ii) For any prime number q satisfying 3 < q < l 4
, if q splits completely in k then q does not split in Q( √ −l). From now to the end of this section, assume that k is Galois over Q.
Examples of points on Shimura curves of genus zero
The In these cases, for a number field k the condition
Proposition 7.1. Let k be a quadratic field and let d = 6 (resp. 10, resp. 22).
(1) We have M B (k) = ∅ if and only if k is imaginary and 3 (resp. 2, resp. 11) does not split in k.
(2) We have B ⊗ Q k ∼ = M 2 (k) if and only if neither 2 nor 3 (resp. neither 2 nor 5, resp. neither 2 nor 11) splits in k. Concerning points over imaginary quadratic fields on M B of genus zero, we have the following examples.
(Case d = 6).
• 
is irreducible.
Proof. Suppose p ∤ d and that ρ A,p is reducible. Then there is a 1-dimensional sub-representation of ρ A,p ; let ν : G k −→ F × p be its associated character. Then by repeating exactly the same argument as in (1-i) in the proof of Theorem 1.3 at the end of §6, we conclude p ∈ N ′ 1 (k) ∪ N 2 (k) ∪ {7}.
Application to a finiteness conjecture on abelian varieties
For a number field k and a prime number p, let k p denote the maximal pro-p extension of k(µ µ µ p ) in Q which is unramified away from p, where µ µ µ p is the group of p-th roots of unity in Q. For a number field k, an integer g ≥ 0 and a prime number p, let A (k, g, p) denote the set of k-isomorphism classes [A] of abelian varieties A over k, of dimension g, which satisfy
where k(A[p ∞ ]) is the field generated over k by the p-power torsion of A. We know that A (k, g, p) is a finite set ([8, Satz 6, p.363]). For fixed k and g, define the set
We have the following finiteness conjecture on abelian varieties. . Let k be a number field, and let g ≥ 0 be an integer. Then the set A (k, g) is finite.
As an application of Theorem 1.1, the following is known. 
